Abstract. We investigate the geometry ofétale 4 : 1 coverings of smooth complex genus 2 curves with the monodromy group isomorphic to the Klein four-group. There are two cases, isotropic and non-isotropic depending on the values of the Weil pairing restricted to the group defining the covering. We recall from our previous work [4] the results concerning the non-isotropic case and fully describe the isotropic case. We show that the necessary information to construct the Klein coverings is encoded in the 6 points on P 1 defining the genus 2 curve. The main result of the paper is the fact that, in both cases the Prym map associated to these coverings is injective. Additionally, we provide a concrete description of the closure of the image of the Prym map inside the corresponding moduli space of polarised abelian varieties.
Introduction
Classically, Prym varieties are principally polarized abelian varieties arising frométale double coverings f : C → C between smooth curves. The Prym variety of such a covering is the complementary abelian subvariety to the image of f * (JC) inside the Jacobian JC . By extending this to the moduli space of coverings one can define the Prym map to the moduli space A g of principally polarised abelian varieties (ppav). It is known that the Prym map is dominant for g ≤ 5 ( [21] ), so the general ppav of dimension ≤ 5 is a Prym variety. Mumford revived the theory of Prym varieties by investigating in [16] the relations between the Jacobian of C and the Prym variety P (C /C), which are known as the Schottky-Jung relations. In particular, he proved that for g ≥ 4 the general ppav is not a Jacobian. For g ≥ 7 the Prym map in generically injective but never injective ( [5] , [6] , [8] , [20] ). The study of the the Prym map forétale double coverings of genus 6 curves led to the result that A 5 is unirational ( [19] ). These results inspired the research of Pryms for other coverings, which are no longer principally polarised. The Torelli problem in the case of Pryms of ramified double coverings has been fully solved in a series of recent papers [17, 14, 15] and the case ofétale cyclic coverings has been covered in [12] .
The main aim of this paper is to go a step further and study the most basic non-cyclic coverings, namelyétale 4 : 1 coverings of genus 2 curves with monodromy group isomorphic to the Klein four-group. For short, we call them Klein coverings. Since the group is non-cyclic, it turns out that the space of such coverings have two disjoint components depending on the values of the Weil pairing restricted to the group defining the covering, called isotropic and non-isotropic. The non-isotropic case has appeared naturally in the investigation of smooth hyperelliptic curves that can be embedded into abelian surfaces ( [4] ). One of the results of [4] is that such curves are non-isotropic Klein coverings of a genus 2 curve. In this paper we show that the corresponding Prym map for non-isotropic Klein coverings over genus 2 curves is injective (see Theorem 3.5) .
The isotropic case is quite different from the non-isotropic case since the covering is not longer hyperelliptic. The good side of the story is that we get more non-trivial quotient curves and in particular we have been able to show that the Prym variety of the covering is the image of the Jacobian of one of them. This allows us to show that in this case, the Prym map is also injective (see Theorem 4.10) .
Putting the two theorems together we get the main result of the paper as follows. are both injective onto their images.
The idea of the proof is that the Klein covering provides a tower of curves in which one can find elliptic curves that generate the Prym variety. Then we show that all the information is actually contained in the division of 6 points on P 1 into 3 pairs in the isotropic case and 2 triples in the non-isotropic case. This in particular shows that R iso 2 and R ni 2 are irreducible. The paper is structured as follows. In the Preliminaries we collect the necessary results on curves with involutions. An interesting result on its own is the characterisation of non-hyperelliptic curves of genus 3 admitting 2 commuting involutions (see Lemma 2.15) and their Jacobians, (see Proposition 2.16). Such curves will play crucial role in the isotropic Klein coverings.
Section 3 is devoted to non-isotropic Klein coverings. It consists of a summary of results from [4] and Theorem 3.5 that states that the Prym map in this case is injective. Section 4 explains the construction of isotropic Klein coverings. Here, we characterise the curves that appear as quotient curves and the covering maps between them. The conclusion is Theorem 4.10 that states that the Prym map is injective also in this case. In the last section, we give a precise description, in terms of period matrices, of the image of the Prym map in both cases.
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Preliminaries
In the paper we deal with elliptic curves, i.e. genus 1 curve with a chosen point O. In this way, an elliptic curve is a one dimensional abelian variety. Thus, the involution −1 becomes a (hyper)elliptic involution and we define the Weierstrass points on an elliptic curve as the 2-torsion points, i.e. the fixed points of the involution.
Moreover, in the paper we deal with coverings of curves from different perspectives. In particular a double covering f : C → C can be defined from upstairs by the map f , by the involution σ that exchange sheets of the covering or from downstairs by the branching divisor B on C and the line bundle L such that L ⊗2 = B. We will often change the perspective without any warning. Moreover, if we think about the involution σ defining the covering, then we denote by C σ the quotient curve. Sometimes, to stress that the quotient curve is elliptic, we write E σ = C/σ instead of C σ .
As in [4] , we define Klein coverings as follows:
Definition 2.1. A Klein covering of a curve C is a 4:1étale covering f : C → C with monodromy group isomorphic to the Klein four-group V 4 = Z 2 × Z 2 . In particular, it is defined by the Klein four-group G that is a subgroup of the set of 2-torsions on the Jacobian JC, denoted JC [2] .
In [4] we have shown that there are two disjoint cases of Klein coverings that depends on the values of the Weil pairing restricted to G. Definition 2.2. We call a Klein covering isotropic if the group G ⊂ JC [2] defining the covering is isotropic with respect to the Weil pairing. In the other case, we call the covering non-isotropic. Remark 2.3. Let H be a hyperelliptic curve of genus g. Recall from [4, 7] that every 2-torsion point on JH can be written uniquely as a sum of an even number of at most g Weierstrass points, so the Weil paring of η 1 , η 2 ∈ JH [2] can be computed as the parity of the number of common Weierstrass points in the presentations of η 1 , η 2 .
Through the paper the involution ι will always denote the hyperelliptic involution. We recall the basic facts about involutions and their lifts.
Lemma 2.4. Let f : C → C τ be the double covering given by the fixed point free involution τ . Let ρ be an involution on C τ and denote Fix(ρ) the set of fixed points. Let r, rτ be the lifts of ρ. Then Fix(r) and Fix(rτ ) are disjoint, their cardinalities are divisible by 4 and f −1 (Fix(ρ)) = Fix(r) ∪ Fix(rτ ) is twice the cardinality of Fix(ρ).
Proof. Let C τ be of genus g. Then C is of genus 2g + 1. Using Hurwitz formula, for any involution, say α on C we have
hence Fix(α) has cardinality divisible by 4. If x ∈ Fix(ρ) and f −1 (x) = {P, Q} then either r(P ) = P and r(Q) = Q or r(P ) = Q and r(Q) = P . In the former case, rτ exchange points in the fibre and in the latter case rτ fixes them. Hence every preimage of a fixed point of ρ belongs to exactly one fixed point set.
As an easy, yet important consequence of the proof, we get the following corollary.
Corollary 2.5. Let f : C → C τ be a double covering. Then any lift of an involution with at least one fixed point that is not a branch point of f is again an involution.
All the involutions in the paper whose lift is considered satisfy the condition of Corollary 2.5, so in the sequel the lift of an involution under a double covering is again an involution. Lemma 2.6. Let W = {w 1 , . . . , w 2g+2 } be the set of Weierstrass points on a hyperelliptic curve H of genus g. Then for any subset A of size g + 1 we have the following equality in Pic g+1 (H)
Proof. When one considers an equation of a hyperelliptic curve, then all Weierstrass points become roots of a polynomial. This means in particular that the sum of all Weierstrass points is linear equivalent to (2g + 2)P where P is the preimage of the infinity. Hence
Since Weierstrass points are 2-torsions in the Jacobian of H, one gets the result.
Corollary 2.7. For an elliptic curve E one has w 1 + w 2 = w 3 + w 4 for w i ∈ E [2] . For a genus 2 curve H one has w 1 − w 2 + w 3 − w 4 = w 5 − w 6 .
Recall the following conditions of a double covering to be hyperelliptic: Proof. Let B = x + ι E x + y + ι E y be the branch divisor of the covering π : C → E and η ∈ Pic 2 (E) be the line bundle defining π, so η
, where H E denotes the (hyper)elliptic divisor. Suppose that C is hyperelliptic with hyperelliptic divisor H C . Then π * H E = π * (2w 1 ) = 2H C By the projection formula
then, again by the projection formula, one computes
According to Clifford's theorem C is hyperelliptic and π * O E (H E ) a multiple of the hyperelliptic bundle.
2.1. Curves with a Z 2 2 group of involutions. We start by considering involutions on hyperelliptic curves.
Lemma 2.10. Let X be a smooth hyperelliptic curve of genus g = 2k + 1. with ι the hyperelliptic involution. For any τ ∈ Aut(X), τ 2 = id, τ = ι we have By Hurwitz formula one deduces that g(X/ τ ) ≤ k + 1 and g(X/ ιτ ) ≤ k + 1. Together with (2.1) this implies g(X/ τ ) = k + 1 and g(X/ ιτ ) = k or vice versa.
Remark 2.11. Geometrically, Lemma 2.10 means that if a hyperelliptic curve of genus g = 2k + 1 is a double covering then the covering isétale or branched in 4 points. Moreover, if one case occurs then the other, too.
Lemma 2.12. Let C be a genus 3 curve with two involutions. Then C is hyperelliptic if and only if C is anétale double cover of a genus 2 curve H.
Proof. One implication is the case k = 1 of Lemma 2.10. The other follows from Proposition 2.8.
Lemma 2.13. With the assumptions of Lemma 2.10 and σ, τ fix-point free involutions, then στ is also a fix-point-free involution for k an even number.
Proof. Set g 0 = g(X/ τ, στ ) and g α = g(X/ α ), for α ∈ Aut(X). We apply Accola's theorem ( [1] ) to the group G 0 = τ, στ to obtain
Since the left hand side is odd we conclude that g στ is odd. By Lemma 2.10 applied to στ we get that g στ = k + 1 or g στ = k. Thus, if k is even g στ = k + 1 and στ is fix-point-free.
Remark 2.14. The fact that X is hyperelliptic in Lemma 2.13 is crucial. Proposition 4.1 shows an example when involutions σ, j are fixed point free on a non-hyperelliptic genus 5 curve and jσ has 8 fixed points.
For non-hyperelliptic curves of genus 3, we get the following results.
Lemma 2.15. Let σ, τ ∈ Aut(C) be two commuting involutions on a non-hyperelliptic genus 3 curve C. Then C is a double covering of three elliptic curves, i.e. all 3 involutions are bielliptic. In this case the sum of points in Fix(σ) (respectively in Fix(τ ) and Fix(στ )) form a divisor linearly equivalent to K C . Moreover, C is a 4 : 1 covering of P 1 with the monodromy group isomorphic to the Klein four-group and the branching divisor being 6 points (images of 12 fixed points).
Proof. By Lemma 2.12 the quotient curves cannot be of genus 2 and by assumption cannot be of genus 0, so all involutions are bielliptic. The second part follows from the fact that the canonical divisor of an elliptic curve is trivial, so the canonical divisor of a curve equals the ramification divisor of an elliptic covering, that is the fixed points divisor of an involution. By the commutativity of the three involutions, the actions on Fix(σ) of τ and στ have to be equal to each other and equal to the pair of transpositions. In particular, the covering C → C/ σ, τ has branching divisor at least as stated. Hurwitz formula gives
hence deg(R) = 12 and the branching divisor is exactly as stated.
Consider the elliptic curves E σ , E τ and E στ as subvarieties of JC as follows
Here, we abuse the notation by writing the same letter for the automorphism of a curve and its extension to the Jacobian. We denote by P (C/E) the Prym variety of the covering, for definition see Section 2.2.
Proof. Since the varieties are of the same dimension it is enough to show that the kernel of φ is finite and in fact of cardinality 8. First, we consider the addition map
where P (C/E στ ) denotes the Prym variety of the map C → E στ (see below for the definition). Let a α : C → E α and b α : E α → P 1 be the quotient maps with α ∈ {σ, τ, στ }. Notice that the maps a * α : E α → JC are injective. Using the results in [18, Appendix] we have that
). We shall give a precise description of this kernel. Let
be the sets of fixed points in C of the automorphisms σ, τ, στ respectively. Then for i = 1, 2
are the ramification points of b σ , b τ , b στ respectively. Thus
and analogously, one can describe the 2-torsion points of E στ . From this we clearly have
On the other hand, the kernel of the addition map [2] . It follows that the kernel of the composition map
If Θ C denotes the principal polarisation on JC, one can check that φ * (Θ C ) is algebraically equivalent to twice the principal product polarisation on E σ × E τ × E στ . Using the fact that an embedding of an elliptic curve E in a Jacobian JC is equivalent to having a covering C → E, we get the inverse statement:
Corollary 2.17. If the Jacobian of a non-hyperelliptic genus 3 curve C is polarised isogenous to the product of three elliptic curves with twice the principal polarisation, then Aut(C) contains a Z 2 2 group of involutions.
Remark 2.18. Note that to write the proof of Proposition 2.16 we broke the natural symmetry. It is easy to see that S i + τ (S i ), T i + σ(T i ) and R i + τ (R i ) are divisors fixed by all three involutions. Since the intersection of three the elliptic curves in JC consists of 0 and a 2-torsion point, one sees that all the respective differences are actually equal to each other.
We summarise the description of genus 3 curves with the following corollary.
Corollary 2.19. Let C be a non-hyperelliptic genus 3 curve admitting a Z 3 2 subgroup of automorphisms. Then, its Jacobian contains a distinguished (non-zero) 2-torsion point lying in the intersection of three elliptic curves.
Some results concerning abelian varieties.
We start by recalling the definition of a Prym variety. A finite morphism f : C → C between smooth curves induces a homomorphism of groups Nm f : JC → JC between the Jacobians, called the norm map defined by pushing down divisors of degree zero:
When f isétale the kernel of Nm f consists of several connected components, so the Prym variety of f is the defined as the connected component of ker Nm f containing the zero element:
It is of dimension dim P = g(C ) − g(C) (the difference of the genera of the curves) and as an abelian subvariety of JC has a natural polarization Ξ, induced by the restriction of the principal polarization of JC . In particular, the Prym variety can be seen as a complementary abelian subvariety to the image of f * (JC) inside JC . It is well-known that Ξ is principal if f is of degree 2,étale or ramified at 2 points 1 The are only two other cases where the P gets a principal polarisation: (1) g(C) = 1 and g(C ) = 2; and (2) g(C) = 2 and f is non-cyclic of degree 3.
Lemma 2.20. The locus B D is (reducible) of dimension 3. It is contained in the set of abelian varieties that are isogenous to the product of elliptic curves.
Proof. This fact is a consequence of the representation theory of finite abelian groups. The group algebra Q[Z It is easy to see that B D is reducible. For instance, in the principally polarised case we have at least 2 components, products of 3 elliptic curves and Jacobians of non-hyperelliptic curves with a Z 2 2 subgroup of automorphisms (with -1 as another involution).
Klein coverings: Non-isotropic case
Let H be a curve of genus 2 and h : C → H anétale doule covering, so C is of genus 3. Let σ denote the automorphism exchanging two sheets of the covering and j a lift of the hyperelliptic involution of H. Let W = {w 1 , . . . , w 6 } ⊂ H be the set of Weierstrass points. The curve C has the action of the Klein group Z 2 × Z 2 = j, σ : j 2 = σ 2 = 1, jσ = σj . So the curve C is hyperelliptic (cf. Lemma 2.12). We consider now anétale double covering of C, f : C → C, where C is of genus 5 and let τ denote the involution exchanging the sheets of the covering. Suppose that j and σ lift to involutions on C, which we shall denote with the same letters, in a such way that
Let η ∈ JH[2] \ {0} be the 2-torsion point defining the covering h and ξ ∈ JH[2] \ {0} such that h * ξ ∈ JC[2] \ {0} defines the double covering f . Assume that the group G = η, ξ is non-isotropic. The following theorem summarises the results from [4] in the non-isotropic case. It remains to show the implication (3) ⇒ (2). By Lemma 2.10 (with k = 2) one can assume that τ and σ are fix-point-free involutions. So, by Lemma 2.13, στ is also fix-point-free involution. In conclusion, in the non-isotropic case the three involutions σ, τ and τ σ are indistinguishable, so g σ = g τ = g τ σ = 3 and H = C/ σ, τ is a genus 2 curve. Since C is hyperelliptic, the Klein covering has to be non-isotropic. Corollary 3.3. Every condition in Theorem 3.1 defines an irreducible variety. In particular, the moduli space of non-isotropic Klein coverings of genus 2 curves is an irreducible variety. Remark 3.4. As pointed out in [4] , the conditions of Theorem 3.1 carry natural 'dualisations'. In the first condition one can take the dual surface. In the fourth and fifth condition one can take the remaining triple. In the second condition one takes the orthogonal complement to the Klein subgroup with respect to the Weil pairing.
Figure 1. Ramification points (non-isotropic case)
From now on we switch the notation of j to ι in order to stress the fact that C is hyperelliptic with hyperelliptic involution ι. In [4, Theorem 5.5] we have proved that the associated Prym variety P = P ( C/H) has restricted polarisation of type (1, 1, 4) and is isogenous to the product of elliptic curves E σ × E τ × E στ with E σ = C/ σ, ιτ , E τ = C/ τ, ισ , E στ = C/ στ, ιτ .
Denote by R ni 2 the moduli space parametrising the triples (H, η, ξ) with η, ξ V 4 a non-isotropic subgroup and
2 acts on P compatible with Ξ}. We define the Prym map for non-isotropic Klein covers as
Observe that the dimension of both moduli space is 3 (cf. Lemma(2.20)). We shall prove that this map is one-to-one. In order to analise the Prym map we introduce the space A 1 [2] (3) of non-ordered
where E i is an elliptic curve and λ i :
is an isomorphism onto the Klein group V 4 , called a 2-level structure, see [2, Section 8.3.1]. Two pairs (E 1 , λ 1 ) and (E 2 , λ 2 ) are isomorphic if there exists an isomorphism E 1 ρ −→ E 2 such that λ 1 = λ 2 • ρ| E1 [2] . Let
Theorem 3.5. There exist maps Φ and Ψ both of degree 6, such that the following diagram commutes; in particular, the Prym map Pr ni is injective.
one has a well defined map E i → P 1 ramified at the 2-torsion points with λ
In this way, the cross-ratio b i is uniquely determined by (E i , λ i ). There is a unique hyperelliptic curve H defined as a double cover over P 1 branched over 0, 1, ∞, b 1 , b 2 , b 3 . Let w i ∈ H be the Weierstrass point over b i for i = 1, 2, 3. Set η = w 1 − w 2 , ξ = w 1 − w 3 , so the choice of these three Weierstrass points defines uniquely a non-isotropic subgroup V 4 = η, ξ ⊂ JH [2] . We define
Observe that there are 6 projective transformations of P 1 fixing the set {0, 1, ∞} and defining the same curve H but with different b i s, which explains the degree of Ψ. Moreover, given a genus 2 curve H and 3 distinguished branch points b 1 , b 2 , b 3 ∈ P 1 one can find a triple in U such that these points are given by the corresponding cross-ratios defined as above. This shows that Ψ is surjective. Let
be a subgroup of order 16 and φ :
The subgroup K, being contained in the set of 2-torsions, is obviously isotropic with respect to the four times the product polarisation. We define
where the polarisation Ξ is of type (1, 1, 4) such that φ * (Ξ) is four times the principal product polarisation on E 1 × E 2 × E 3 and φ is the canonical projection. Clearly Z 3 2 acts on P , since the involutions of the elliptic curves act componentwise on the product and the kernel K of the quotient map contains only 2-torsion points. In order to prove the commutativity of the diagram, let H be the genus 2 curve defined by the elliptic curves E i via the map Ψ. According to Theorem 3.1, the Weierstrass points η, ξ define the tower of hyperelliptic curves C → C → H where each map isétale and the hyperelliptic involution lifts to the hyperelliptic involution ι on C. Set
Up to permutation, these elliptic curves are isomorphic to E 1 , E 2 , E 3 by construction and they can be embedded in J C via the pullbacks of the corresponding (ramified) maps. They can be described as subvarieties of J C by
Lemma 3.6. The map
defines an isogeny of degree 16. Moreover, there is a polarisation Ξ of type (1, 1, 4) on P , such that ϕ * Ξ is algebraically equivalent to four times the principal polarisation on E σ × E τ × E στ .
Proof. The fact that ϕ is an isogeny and the restriction of the principal polarisation Ξ := Θ J C |P is of type (1, 1, 4) is proven in [4, Theorem 5.5] . Consider the following commutative diagram.
Clearly, ker ϕ ⊂ ker λ ϕ * Ξ and since Ξ is of type (1, 1, 4), deg λ Ξ = 16. In order to compute the degree of ϕ we consider the description of the elliptic curves as fixed loci inside of the Jacobian of C: 
in particular that | ker ϕ| = 16. Since degφ = deg ϕ = 16, we have deg λ ϕ * Ξ = 16 3 = 4 6 . This together with the fact ker [4] , implies that λ ϕ * Ξ is four times the principal polarisation.
One can also argue that since the elliptic curves are quotients by subgroups of order 4, the respective coverings have to be 4 : 1 and hence the restricted polarisations have to be of type (4) . Then ϕ, as an addition map, becomes a polarised isogeny.
By construction we have a commutative diagram
which shows that the Diagram (3.1) commutes. Since the Prym variety determines the three elliptic curves, the degree of the map Φ depends only on the choice of the 2-level structures giving the same subgroup K. Observe that the group of automorphisms f v : V 4 → V 4 , acts on the triples {λ i } i=1,2,3 by {f v • λ i } i=1,2,3 and this action clearly preserves K. Moreover, if K is defined using a triple {λ i } then any other triple preserving K is of the form {f v • λ i } for some automorphism f v ∈ Aut(V 4 ). Therefore, deg Φ = | Aut(V 4 )| = 6.
Klein coverings: Isotropic case
Unlike the non-isotropic case, the lift of the hyperelliptic involution to an isotropic Klein covering C → H is not hyperelliptic. This means that we have a few more quotient curves that are not rational. We will use them to show that the Prym map is injective.
Let H be a genus 2 curve and C → H be anétale isotropic Klein covering of H. Let σ and τ be the fixed point free involutions interchanging the sheets of the covering. Consider the genus 3 curves C σ = C/σ, C τ = C/τ, C στ = C/(στ ). Since the hyperelliptic involution ι on H lifts to involutions on these curves, according to Lemma 2.12, C σ , C τ , C στ are all hyperelliptic.
Proposition 4.1. Denote the lifts of ι to C to be j, jτ, jσ, jστ . We can choose j to be fixed point free and the other involutions to be elliptic, i.e. g( C/jτ ) = g( C/jσ) = g( C/jστ ) = 1.
Proof. Let i be the hyperelliptic involution on C τ . Since the lifts of i are either j, jτ or jσ, jστ without loss of generality we denote them by jσ and jστ . Since | Fix(i)| = 8, we have that | Fix(jσ)|+| Fix(jστ )| = 16. Since the covering is isotropic and hence the curve C is not hyperelliptic, we get that for any involution α, | Fix(α)| < 12. Using Lemma 2.4 for jσ and jστ , we get that 4 < | Fix(jσ)| < 12 is divisible by 4 and therefore | Fix(jσ)| = | Fix(jστ )| = 8. Now, consider the lifts of the hyperelliptic involution ι of C σ . By construction, again the lifts of ι are either a pair j, jσ or jτ, jστ . Since jσ and jστ are indistinguishable, without loss of generality, we denote the lifts from C σ to be jτ, jστ . Repeating the argument above, we get that
Since the fixed point sets are mutually disjoint (as different lifts of ι) and |f −1 (Fix(ι))| = 4 · 6 = 24 we get that the fourth lift, denoted by j, is fixed point free.
Remark 4.2. In the non-isotropic case, we have lifted the hyperelliptic involution from H to three hyperelliptic involutions on C σ , C τ , C στ and the hyperelliptic involution on C is the unique simultaneous lift of these three involutions. On the other hand, in the isotropic case one has to choose the lifts of the hyperelliptic involution from H to be three elliptic involutions on C σ , C τ , C στ . Then the involution j is the unique simultaneous lift of these three involutions. Definition 4.3. We define the genus 3 curve C j = C/j. One observes that the three involutions σ, τ, στ on C descend to C j since they all commute.
Define the elliptic curves E σ = C/ jσ, σ , E τ = C/ jτ, τ , E στ = C/ στ, jστ , which are also respectively, quotients of C σ , C τ , C στ by elliptic involutions. In particular, they are quotients of C by four elements subgroups of automorphisms and they fit in the following extended commutative diagram:
Proposition 4.4. The curves C σ and C j are double coverings of E σ branched along the same divisor. Moreover, the curve C j is non-hyperelliptic.
Proof. The first part follows from the fact that E σ = C/ j, σ is a quotient of both C j and C σ by respective involutions, and the fact that C → C σ and C → C j areétale.
One can check that the double covering C j → E σ is defined by the line bundle O Eτσ (w 1 + w 2 ) ∈ Pic 2 (E σ ), where w 1 , w 2 are two Weierstrass points with respect to the involution τ on E σ (like oo or zz in Figure 2) . Then, by Lemma 2.9, C j can not be hyperelliptic.
4.1.
Construction from points in P 1 . Let (P 1 , P 2 ), (P 3 , P 4 ), (P 5 , P 6 ) ∈ P 1 be three pairs of points in P 1 . Consider the double cover π : H −→ P 1 branched in these points and let w 1 , . . . , w 6 , with π(w i ) = p i be the Weierstrass points of H. By Lemma 2.6, the elements {0, w 1 − w 2 , w 3 − w 4 , w 5 − w 6 } ⊆ JH [2] form an isotropic Klein subgroup. Conversely, every genus 2 curve with an isotropic Klein subgroup of JH [2] arises in this way.
For each pair of points (P i , P j ) one can construct an elliptic curve that is a double covering of P 1 branched in P k with k ∈ {1, . . . , 6}\{i, j}. The preimage of the pair (P i , P j ) becomes the branching divisor of two double coverings, giving rise to two genus 3 curves, one hyperelliptic and one non-hyperelliptic. These coverings are illustrated in Figure 2 , by C σ → E σ and C j → E σ respectively. Following Proposition 2.16, the curve C j is constructed as the 4 : 1 covering of P 1 with the monodromy being the Klein group and the branching divisor being all 6 points and each of them have 2 preimages. The set of preimages of each pair is the fixed point set of an appropriate involution. The curve C is defined as an isotropic Klein covering of H or equivalently, as anétale double covering of C j given by the distinguished 2-torsion point α ∈ JC j [2] , see Corollary 2.19. To sum up, we have proved the following theorem.
Theorem 4.5. Every of the following data are equivalent:
(1) 3 pairs of points in P 1 up to projective equivalence (respecting the pairs); (2) a genus 2 curve H with an isotropic Klein subgroup of JH [2] ; (3) a non-hyperelliptic genus 5 curve with a Klein subgroup of fixed point free involutions; (4) a non-hyperelliptic genus 3 curve with a Z Proof. Since dim JC j = dim P = 3, it is enough to show that h * (JC j ) ⊂ P = ker(1 + σ + τ + στ ) 0 . This follows at once from the fact h * (JC j ) = Im(1 + j) and 1 + σ + τ + στ + j + jσ + jτ + jστ is the zero map in J C. Since h isétale, h * has kernel ker h * = α , with α ∈ JC j [2] \ {0}, so the polarization of h * (JC j ) is of type (1, 2, 2).
Corollary 4.9. The map
defines an isogeny of degree 16, such that ϕ * Ξ is algebraically equivalent to four times the principal polarisation on E σ × E τ × E στ .
Proof. According to Proposition 4.4, C j is not hyperelliptic, so the Corollary follows at once from Proposition 2.16.
Let R iso 2 be the moduli space parametrising the isotropic Klein coverings over a genus 2 curve and We define the Prym map
As a consequence of Theorem 4.5 we have:
Theorem 4.10. The Prym map Pr iso : R iso 2 → B iso is injective.
Proof. Let P ( C/H) be an element in the image of Pr iso . According to Proposition 4.8, P ( C/H) JC j / α , for some 2-torsion point α and by Proposition 4.4, C j is a non-hyperelliptic curve with a Z 2 2 subgroup of automorphisms. According to Theorem 4.5 one can recover the curve H and the Klein isotropic subgroup of JH [2] such that the corresponding covering C → H has JC j / α as Prym variety.
4.2.
A description of double coverings arising in the construction. We shall now describe explicitly the 2-torsion points defining theétale coverings from C. Consider the elliptic curve E jτ = C/jτ , which is also anétale double cover of E τ = E jτ / τ . Similarly, we define the elliptic curves E jσ = C/jσ and E jστ = C/jστ . They fit in the following commutative diagrams.
By abuse of notation, let
the fixed locus of the automorphisms in C. The quotient map C → E jσ has 8 ramification points and one checks that the image of Fix(jστ ) are the Weierstrass points of the elliptic curve E jσ . Moreover, the double covering E jσ → P 1 E jσ /τ gives the linear equivalence
in E jσ = C/jσ, where we keep notation for the points in the quotient. This implies the linear equivalence (4.3)
in C. It is not difficult to verify that the 2-torsion point η := [T 1 + σT 1 − (T 2 + σT 2 )] in JC j (again, by abuse of notation, the points in the quotients are denoted with the same symbols), is in the kernel of the pullback JC j → J C and it is different from zero since C j is non-hyperelliptic. So η ∈ JC j [2] defines thé etale covering C → C j .
On the other hand, consider the non-zero 2-torsion point [T 1 +jT 1 −(T 2 +jT 2 )] ∈ JC σ which according to (4.3) is in the kernel of JC σ → J C, it is the element in JC σ [2] defining theétale covering C → C σ .
Using a similar argument one can write down the 2-torsion points defining the otherétale coverings.
4.3.
Decomposition of J C. Now, we would like to describe the Jacobian of C in terms of its subvarieties. For non-isotropic case it has been done in [4, Section 5] . We recall the following notation from [4] . Let M 1 , . . . , M k be abelian subvarieties of an abelian variety A such that the associated rational idempotents ε Mi ∈ End Q (A) satisfy Σ i ε Mi = 1. Then we write A = M 1 M 2 . . . M k . The advantage of such notation with respect to writing isogenous it that if Hom(M i , M j ) = 0 for i = j then such presentation is unique (up to permutation).
Theorem 4.11. Let H be a general genus 2 curve (i.e. such that JH is simple). Let f : C −→ H be an isotropic Klein covering defined by a group G and let A be the dual abelian surface to JH/G. Let σ, τ, στ be the covering involutions on C and let j be defined by Proposition 4.1. Then
In this presentation one can find images of Jacobians of quotient curves and Pryms. For example P ( C/H) = JC j /α = E jσ E jτ E jστ , the image of JC σ is A E jσ and its Prym P ( C/C σ ) = E jτ E jστ .
Proof. The proof is straightforward. Since f isétale and given by G, we get that J C = A P ( C/H). By Proposition 2.16, JC j = E σ E τ E στ and the 2-torsion point α is in the intersection of three elliptic curves. Hence,
To be more precise with the last claim, using Diagram 4.2 and [2, Proposition 12.3.2] applied for the curve E jσ and the quotient map C → E jσ , one gets 2(1 + jσ) = 1 + j + σ + jσ. Analogously, 2(1 + jτ ) = 1 + j + τ + jτ and 2(1 + jστ ) = 1 + j + στ + jστ . Adding the equations together and having in mind that the sum of all involutions is the zero map, one gets 2(1 + jσ + 1 + jτ + 1 + jστ ) = 1 + j + σ + jσ + 1 + j + τ + jτ + 1 + j + στ + jστ = 2 + 2j.
This shows that ε Ejσ +ε Ejτ +ε Ejστ = ε JCj /α and in particular ε Ejσ +ε Ejτ +ε Ejστ = ε P ( C/H) = 1−ε A . Lemma 4.12. The kernel of the map φ : E jσ × E jτ × E jστ −→ E jσ E jτ E jστ ⊂ J C is of the form ker φ = {(0, 0, 0), (x 1 , x 2 , x 3 )} for some x i = 0.
Proof. Since the restricted polarisation to the Prym variety is of type (1, 2, 2) and to the elliptic curves is of type (2), the kernel is of size 2. Moreover, since all elliptic curves are indistinguishable, the 2-torsion points x i have all to be non-zero.
Remark 4.13. Theorem 4.11 is a more detailed version of [18, Theorem 6.3 .iv] in the particular case, when the base curve has genus 2, the coverings areétale and defined by an isotropic Klein group. This result can also be deduced from the Kani-Rose decomposition theorem [11] .
Characterisation of Pryms
In order to characterise the image of the Prym map, we need to introduce period matrices. We will use the notation from [2, 3] . In particular, by h g we denote the Siegel space h g = {Z ∈ M (g, g, C) : Z = t Z, Im Z > 0}. To shorten the notation, we denote the imaginary part of a complex number z by z = Im(z). As usual, for a homomorphism of abelian varieties f we denote its analytic representation by F and by X, we denote the closure of X.
In order to characterise the period matrices of the abelian threefolds in the image of the Prym maps, we define explicit loci Z 4 and Z 2 in the Siegel spaces such that there exist the following commutative diagrams in both non-isotropic and isotropic cases. isotropic case:
Z 2 ⊂ h 3
Remark 5.10. One could be tempted to define the closure of the image of the Prym map in a less technical and more natural way. Our choice has been to define B ni and B iso but Lemma 2.20 shows that they are reducible. Another way could be to fix the restricted polarisation types to the elliptic curves in the following way Unfortunately, this is also not enough, as such locus is reducible even in the 'easiest' case E D2 2 . To see this, consider a (1, 2)-polarised abelian surface S that contains elliptic curves E 1 , E 2 with restricted polarisation of type (2) . Then S × E 3 with a (1, 2, 2) product polarisation is an element of E D2 2 and there is a 3-dimensional family of such products. They are clearly different from Pryms.
The discrete invariant that distinguishes products from Pryms is the projection of the kernel p i (ker(f 1 + f 2 +f 3 ) of the addition map to each elliptic curve E i . In the Prym case, all projections p i (ker(f 1 +f 2 +f 3 ) consists of two points, whereas in the product case, p E3 (ker(f 1 + f 2 + f 3 )) = {0}. The necessity of this additional invariant also follows from [9, Section 6] .
